The derivation of Warburg's impedance presented in several books and scientific papers is reconsidered. It has been obtained by assuming that the total electric current across the sample is just due to the diffusion, and that the external potential applied to the electrode is responsible for an increase of the bulk density of charge described by Nernst's model. We show that these assumptions are not correct, and hence the proposed derivations questionable. A correct determination of the electrochemical impedance of a cell of an insulating material where are injected external charges of a given sign, when the diffusion and the displacement currents are taken into account, does not predict, in the high frequency region, for the real and imaginary parts of the impedance, the trends predicted by Warburg's impedance in the Nernstian approximation. The presented model can be generalized to the case of asymmetric cell, assuming boundary conditions physically sound.
INTRODUCTION
The electric impedance of a linear system is defined as the ratio between the applied voltage and the current passing in the system itself. When the applied voltage is a simple harmonic function of the time, the impedance is a complex number, whose real part is related to the ohmic resistance of the system, and the imaginary part to its capacitive and inductive properties. When the system is an isotropic liquid containing ions, the impedance of the cell can be determined by means of a model based on the equations of continuity for the positive and negative ions, and on the equation of Poisson for the actual electric potential across the cell. This model has been called Poisson-Nernst-Planck (PNP) model, and discussed long ago by Macdonald [1] . In its simplest version the cell is a slab limited by blocking electrodes, the liquid contains impurities completely dissociated, and the ions are identical in all the aspects, but with charge equal in modulus and opposite in sign [2] . In this framework, the evaluated impedance is equivalent to that deduced for a medium described by a Debye's model for the dielectric constant with one relaxation time [3] . In particular, the parametric plot of the imaginary part versus the real one is a semicircle, whose center is on the real axis, passing for the origin of the cartesian reference frame. Several generalizations of the original model have been proposed to take into account the difference between the ions [1] , the electrodes properties [4, 5] and the generation/ recombination of ions [6] [7] [8] , fractional diffusion or boundary conditions taking into account memory effects [9] [10] [11] [12] [13] [14] .
An extension of the PNP model to evaluate the impedance of an insulating medium in which are injected ions is possible, when the mechanism describing the injection of ions is known. Several papers have been published on this subject for its technological importance [15, 16] . In this type of papers, assuming an increasing of the charges carriers due to the difference of potential applied to the cell, and taking into account the trapping of the charge carriers in traps present in the medium, the impedance of the cell is determined for different types of electrodes [17] [18] [19] [20] [21] [22] . According to the analyises presented in [17] [18] [19] [20] [21] [22] , the parametric plot of the imaginary part versus the real part in the high frequency region is a straight line of slope one with respect to the real axis.
The analysis presented, among others, in [17] [18] [19] [20] [21] [22] is based on three assumptions: 1) the increasing of the charge carriers close to electrodes is in agreement with Nernst equation, 2) the drift current is negligible with respect to the diffusion one, and 3) the displacement current is neglected in the evaluation of the impedance of the cell. These assumptions are questionable. In fact, Nernst equation gives the ionic concentration across to a membrane in a state of equilibrium, in the absence of a current. When a charge current is present it is a function of the over potential of the electrode with respect to the solution in contact with, as in Butler Volmer equation [23] . Furthermore, the assumption that the drift current is negligible with respect to the diffusion one has to be checked at the end of the calculation, but this control has never been done in the quoted papers. In fact, if in the bulk the electric field, in the small voltage limit, is practically zero, this is not true close to the electrodes, where this term could be important. However, the third assumption, according to which the displacement current can be neglected is fatal in the analysis presented in [17] [18] [19] [20] [21] [22] and in some text-books, as [24] . In fact, as it is well known, the conduction current density in a one-dimensional system is not position independent, whereas the total current density, defined as the sum of the conduction and of the displacement current is constant across the cell [25] . It follows that in the framework of the analysis presented in [17] [18] [19] [20] [21] [22] it is no clear why the current density has to be evaluated on one electrode, and not on the other. This is due to the fact that in the quoted analyses no mention to the Poisson's equation has been done, and the electric field is assumed to be negligible everywhere in the sample.
The aim of our paper is to show that when the analysis is correctly performed, taking into account the proper electric current density, even in the Nernstian approximation, the parametric plot of the imaginary part versus the real one does not present, in the high frequency region, the linear part. Hence, if this part of the parametric plot is experimentally observed, its explanation has to be searched in the injection mechanism.
THE PHYSICAL PROBLEM
Let us consider a sample in the shape of a slab of thickness d. The Cartesian reference frame has the z-axis perpendicular to the limiting surfaces, placed at z = ±d/2. The problem is considered one-dimensional, in the sense that all the physical quantities depend just on the spatial coordinate z and time t. The medium in between the electrodes is considered, in the absence of an applied difference of potential, free of ions. Its dielectric constant is indicated by ε and assumed to be frequency independent in the considered frequency range. When a difference of potential is applied to the sample, a quantity of particles of electric charge q are injected into the sample. The diffusion coefficient of the charges in the medium is indicated by D and their mobility by µ. We assume the validity of Einstein's relation µ/D = q/(K B T ), where K B T is the thermal energy. In this situation, the evolution of the electric charge density and of the electric potential across the sample are well described by the continuity equation for the diffusing particles and the equation of Poisson relating the actual potential to the bulk density of charges. We suppose that when the charges q moves across the medium they can be trapped, and remain fixed in the trapping point. From this hypothesis it follows that we have two type of charges in the medium: the mobile and the fixed. The first kind of charges contribute to the flux of electric charge and to the electric potential,V , the second type of charges contribute only to the actual potential profile. We indicate the corresponding bulk densities of charges by n m and n f . The total bulk density of charges in the medium is n = n m + n f . The bulk density of electric charges in the medium, j, reduces to that of the mobile ones, j m , and it is given by
where we use the comma notation for the partial derivative n m,z = ∂n m /∂z, and E = −V ,z is the electric field. The continuity equations for the mobile and fixed charges, in the presence of trapping, are
where S is a term taking into account the trapping phenomenon of the mobile charges. It represents a source for the fixed charges, and a well for the mobile ones. Taking into account (1), Eq. (2) can be rewritten as
In the following we limit our analysis to the case where the drift component of the bulk current density is negligible with respect to the diffusion one, i.e.
that refers to a case of small applied potential to an insulating material [17, 18, 22] . The source term is assumed in the form S = −κn m as proposed by [26, 27] , and considered in details by [17] [18] [19] [20] [21] [22] . This phenomenological term simply states that the bulk density of trapped charges is proportional to the bulk density of mobile charges, which is rather reasonable. In this framework the fundamental equations of the problem are
where u v = qV /(K B T ) = V /V th is the electric potential expressed in thermal voltage units V th = K B T /q. In Eq.(8) G = q/(εV th ) is an intrinsic length of the problem. The fundamental equations of the problem, (6, 7, 8) , are linear. Consequently if the applied voltage is a simple periodic function of the type ∆V (t) = V 0 exp(iωt), of amplitude V 0 and circular frequency ω, the functions defining the dynamical state, n m (z, t), n f (z, t) and u v (z, t) are of the type
Substituting the ansatz (9) into (6,7,8) we get
where f ′ = df /dz. Equation (12) shows that the fixed charges contribute to the effective potential across the sample, although they do not contribute to the bulk density current. Solution of the ordinary differential Eq. (10) is
where C 1 and C 2 are two integration constants to be determined by the boundary conditions, and β = (κ + iω)/D a complex wave number. It depends on the reaction term κ and on the circular frequency of the external voltage. The quantities ℓ κ = D/κ and ℓ ω = ω/D, are two lengths, one related to the reaction term, the other to the diffusion. Solving Eq.(11) the bulk density of fixed charges amplitude φ f (z) is
and the electric potential amplitude φ v (z) is
The integration constants C 3 and C 4 have to be determined, as C 1 and C 2 , by the boundary conditions of the problem. The total electric current density in the cell is given by
It is constant across the cell [25] . In fact from (16) it follows that
that is identically zero for the equations of continuity (2,3). In the case under consideration taking into account (9) we get j = −εV th (GDφ
Substituting (13) and (15) into (18) we obtain, finally
which is z-independent, as expected. The impedance of the cell, Z = V 0 /I, with I = jS, where S is the surface area of the electrodes, is then
where u 0 = V 0 /V th . The analysis presented above is general. It is valid for all boundary conditions. The boundary conditions on the electric potential are
stating that the electric potential of the electrodes coincides with that imposed by the external power supply.
APPLICATION TO A SYMMETRIC SAMPLE
As a simple example let us consider the case where the two electrodes are the same. We suppose furthermore that the presence of the external electric potential is responsible for a density of charges on the electrode, that in the small voltage approximation is described by n(±d/2, t) = hV (±d/2, t), (22) where h is a phenomenological parameter describing the increase of the bulk density at the surface due to the external power supply. In the SI its units are 1/(m 3 V). In the case under consideration, for the analysis presented above, Eq.s (22) are equivalent to
where H = hV th , for z = ±d/2, respectively. The parameter H has the dimension of the inverse of a volume. Due to the symmetry of the problem φ m , φ f and φ v are expected to be odd functions of z. It follows that in (13) C 2 = 0, and in (15) C 4 = 0. Using (21) and (22) we get for the other integration constants the expressions
where κ r = κ/ω 0 , ω r = ω/ω 0 , ω 0 = DGH, and in terms of reduced quantities β = GH(κ r + iω r ). Note that in the framework of the present model (GH) −1/2 is an intrinsic length of the problem related to the injection mechanism. Substituting (25) into (20) , and taking into account the definition of β, we obtain
where R 0 = d/(εω 0 S). The characteristics frequency ω 0 plays in the present problem the same role of Debye's circular frequency in the electric response of an electrolytic cell to an external electric field [2] . The real and imaginary parts of the electric impedance given by (26) are
From Eq.(28) it follows that the reactance of the cell has, for κ r ≤ κ * = 1/8, two extrema for
On the contrary, for κ r > 1/8, the reactance is a monotonic function. From (27) and (28) it is evident that for ω → 0
whereas in the opposite limit of ω → ∞
From (30) we get that in the dc limit R tends to a constant value, whereas X diverges as 1/ω. In the opposite limit of very high frequency R tends to zero as 1/ω 2 , and X as 1/ω. In this limit the correct calculation does not predict Warburg's dependence for R and X, contrary to the statement reported in many papers [17] [18] [19] [20] [21] [22] and textbook [24] .
For κ r = 0 the parametric plot of X versus R is a semicircle. The parametric plot for κ r = 0 has a vertical asymptote defined by Eqs.s(30). Increasing κ r the asymptote moves to the left.
LIMIT OF THE APPROXIMATIONS
We have now to analyze when the condition n m,z ≫ n m u v,z , in which the drift component of the current density is negligible with respect to the diffusion one is verified. Taking into account the analysis presented above this condition can be rewritten as
If it is verified for z = ±d/2 it is also verified everywhere. Furthermore, it depends on the frequency. For the case under consideration a simple calculation gives, in the limit for ω r → 0 at z = d/2,
and the condition |φ
In the opposite limit where √ GHκ r d/2 ≪ 1, when ω → 0 and for z = d/2 we get
2dκ r ω r , and the condition |φ
Since the analysis is valid only for small u 0 we conclude that in the present model has to be verified the condition √ GHκ r d/2 ≫ 1. In the opposite limit where ω r → ∞ we obtain, at z = d/2,
It follows that in the high frequency region the drift current is always negligible with respect to the diffusion one, as assumed in [17] [18] [19] [20] [21] [22] . Let us consider, finally, the importance of the displacement current with respect to the conduction current, due to diffusion. The total current is give by (16) , that with the present symbols reads
since the electric field is localized close to the electrodes, we compare the terms φ 
This result indicate that the displacement current can never be neglected in the analysis.
CONCLUSIONS
We have determined the electric impedance of a cell made by an insulating medium where, the charge carriers are injected by means of an external power supply. The presence of trap, described by a first order chemical reaction, has been taken into account. In the framework where the conduction current is due just to diffusion, we have shown that, in the high frequency range, the correct expression of the impedance does not have Warburg's characteristics. Previous analyses published by several authors have shown a linear dependence in the high frequency region, reactance versus the resistance of the impedance, in the series representation. However, since these analyses are based on the assumption that the displacement current can be neglected with respect to the diffusion one, they are not correct. We show on a simple case very often considered in literature, where the bulk density of charge carriers at the surface is a function of the applied potential, that these two currents are equal. From the analysis reported in our communication it follows that if a Warburg type impedance is observed in the high frequency region, its origin is not due to a simple mechanism of diffusion. It can be related to injection mechanism, according to which the injected current does not depend only on the surface potential. The presented model can be generalized to more realistic boundary conditions.
